We discuss various modifications of separability, precompactness and narrowness in topological groups and test those modifications in the permutation groups S(X) and S<ω(X).
In this paper we define and analyze various properties related to separability and narrowness in topological groups and test these properties for the permutation groups S(X) and S <ω (X). All topological groups in this paper are Hausdoff.
For a set X by S(X) we denote the permutation group of X, and by S <ω (X) the normal subgroup of X, consisting of permutations f : X → X having finite support supp(f ) = {x ∈ X : f (x) = x}. The groups S(X) and S <ω (X) carry the topology of pointwise convergence, i.e., the topology inherited from the Tychonoff power X X of the discrete space X.
For subsets A, B of a group G let AB = {ab : a ∈ A, b ∈ B} be their pointwise product in G. For a topological group G by τ * we denote the family of open neighborhoods of the unit 1 G in G.
By ω and ω 1 we denote the smallest infinite and uncountable cardinals, respectively. For a set X and a cardinal κ, let [X] <κ = {A ⊆ X : |A| < κ}. Therefore, [X] <ω and [X] <ω1 are the families of finite and countable subsets of X, respectively.
As a motivation of subsequent definitions, let us consider characterizations of separable and precompact topological groups.
A topological space X is separable if it contains a countable dense subset of X. Separable topological groups admit the following (trivial) characterization. Theorem 1. For any topological group G the following conditions are equivalent:
(1) G is separable;
Following [2] , we define a topological group G to be duoseparable if G contains a countable subset S such that SU S = G for every neighborhood U ⊆ G of the unit. By [2] , every topological group is a subgroup of a duoseparable topological group, which means that the duoseparability is a strictly weaker property than the separability.
Next, we discuss (Roelcke) precompact and (Roelcke) narrow topological groups. A topological group G is precompact (resp. narrow) if for any neighborhood U of the neutral element 1 G there is a finite (resp. countable) subset S ⊆ G such that SU = G = U S. It is well-known [1, 3.7 .17] that a topological group G is precompact if and only if G is a subgroup of a compact topological group. By [4] (see also [1, 3.4 .23]), a topological group is narrow if and only if it is topologically isomorphic to a subgroup of the Tychonoff product of second-countable topological groups.
Precompact topological groups admit the following characterization (see [5, 15.81] or [3, 4.3] ), which resembles the characterization in Theorem 1.
Theorem 2. For any topological group G the following conditions are equivalent:
A topological group G is called Roelcke precompact (resp. Roelcke narrow) if for any neighborhood U of the neutral element 1 G there is a finite (resp. countable) subset S ⊆ G such that U SU = G. By [5] , every topological group is a subgroup of a Roelcke precompact group, which implies that the Roelcke precompactness is a strictly weaker property than the precompactness and the Roelcke narrowness is strictly weaker than the narrowness.
Theorems 1 and 2 motivate the following definitions that fit into a general scheme. We start with properties that generalize (Roelcke) precompactness and (Roelcke) narrowness.
Observe that the properties (2),(3),(4) of Theorem 2 coincide with the properties u 1 s ω 2 , s ω 2 u 1 , s ω 2 u 1 s ω 2 , respectively. The narrowness is equivalent to the conditions u 1 s ω1 2 and s ω1 2 u 1 , but is strictly stronger than s ω1 2 u 1 s ω1 2 , see Theorem 3. Next, we introduce some generalizations of the (duo)separability.
Observe that the conditions (2), (3), (4) of Theorem 1 coincide with the properties s ω1 1 u 2 , u 2 s ω1 1 , u 2 s ω1 1 u 2 , respectively. The duoseparability coincides with s ω1 1 u 2 s ω1 1 . Following the general scheme we could introduce infinitely many properties extending those in Definitions 1 and 2. But we wrote down only the properties that will appear in Theorem 3 and Example 2, which are the main results of this paper.
For any topological group we have the following implications.
The implications which are not labeled by the question mark cannot be reversed, which is either obvious or witnessed by the examples constructed in Theorem 3 and Examples 1, 2. A property in the diagram is drawn with
• the red color if it holds for both groups S <ω (ω 1 ) and S(ω 1 );
• the green color if it holds for S <ω (ω 1 ) but not for S(ω 1 );
• the blue color if it holds for S(ω 1 ) but not for S <ω (ω 1 );
• the black color if it does not hold neither for S <ω (ω 1 ) nor for S(ω 1 ).
Theorem 3. For a set X of infinite cardinality κ the topological group
Proof. The proof of this theorem will be divided into a series of lemmas. Lemma 1. The topological groups S <ω (X) and S(X) are u 1 s ω 2 u 1 . Proof. Let G denote the group S(X) or S <ω (X).
Given any neighborhood U 1 ∈ τ * of the identity 1 G , find a finite subset A ⊂ X such that
Given any neighborhood U ∈ τ * of the identity of G, find a finite set A ⊂ X such that the subgroup {f ∈ G : ∀a ∈ A f (a) = a} is contained in U 1 . Choose a countable infinite set S 2 ⊆ G such that the family (s(A)) a∈S2 is disjoint and s = s −1 for every s ∈ S 2 . We claim that G = s∈S2 sU 1 s −1 . Indeed, given any permutation h ∈ G find s ∈ S 2 such that s(A) is disjoint with the finite set supp(h). Then the permutation u = s −1 • h • s belongs to the set U 1 and hence h ∈ sU 1 s −1 = sU s ⊆ S 2 U 1 S 2 , which means that G is s ω1 2 u 1 s ω1 2 .
Lemma 3. The topological group G = S <ω (X) is u 1 s ω1 2 u 3 s ω 4 . Proof. Given any neighborhood U 1 ∈ τ * of the identity in G, find a finite set A 1 ⊂ X such that U 1 ⊃ V 1 := {f ∈ G : ∀a ∈ A 1 f (a) = a}. Let A 1 be an arbitrary countably infinite family of mutually disjoint subsets of X such that |A| = |A 1 | for each A ∈ A 1 . Let S 2 = S −1 2 ⊂ G be a countable set such that for each A ′ 1 ∈ A 1 and each bijection f 1 : A 1 → A ′ 1 there exists a permutation f 2 ∈ S 2 such that f 2 ↾A 1 = f 1 . Next, let U 3 ∈ τ * be any neighborhood of the identity in G = S <ω (X). Then there exists a finite subset
= a for each a ∈ A 1 and hence the permutation
Lemma 4. The topological group G = S(X) is u 2 s ω1 1 u 2 s ω 3 . Proof. Fix a permutation h ∈ S(X) such that for every x ∈ X the points h n (x), n ∈ Z, are pairwise distinct. Let S 1 = {h n } n∈Z . Given any neighborhood U 2 ⊆ G of the identity, find a finite set A ⊂ X such that U 2 ⊇ {g ∈ G : ∀a ∈ A g(a) = a}. Choose a finite family S 3 ∈ [G] <ω such that |S 3 | = |A| + 1 and the family (s(A)) s∈S3 is disjoint and s = s −1 for every s ∈ S 3 .
We claim that U 2 S 1 U 2 S 3 = G. Given any permutation g ∈ G, find s 3 ∈ S 3 such that s 3 (A) ∩ g −1 (A) = ∅. Such permutation s 3 exists since the family (s(A)) s∈S3 is disjoint and consists of |g −1 (A)| + 1 many sets. Then gs 3 (A) ∩ A = ∅. The choice of the permutation h ensures that s 1 (A) ∩ A = ∅ for some s 1 ∈ S 1 .
Since the set gs 3 (A) ∪ s 1 (A) is disjoint with the set A, we can find a permutation u 2 ∈ U 2 such that u 2 s 1 ↾A = gs 3 ↾A. Then the permutation u ′ 2 = s −1 1 u −1 2 gs 3 belongs to the neighborhood U 2 and hence g = u 2 s 1 u ′ 2 s −1
Given any S 1 ∈ [G] <κ find a point a ∈ X \ s∈S1 supp(s) and consider the open neighborhood
We claim that for any 
<κ such that for any neighborhood U 2 ⊆ G of the identity there exists a set S 3 ∈ [G] <κ such that U 2 S 1 U 2 S 3 = G. Choose any point a ∈ X \ s∈S1 supp(s) and consider the neighborhood
Lemma 7. The topological group S(X) is s ω1 1 u 2 s ω1 1 u 2 . Proof. Choose a permutation h ∈ S(X) such that for every x ∈ X the points h n (x), n ∈ Z, are pairwise distinct. Consider the countable subset S 1 = {h n : n ∈ Z} of the group S(X). We claim that S <ω (X) ⊂ S 1 U 2 S 1 for every neighborhood U 2 ∈ τ * of the identity in S(X).
Given any U 2 ∈ τ * , find a finite set A ⊂ X such that the subgroup V 2 = {f ∈ S(X) : ∀a ∈ A f (a) = a} is contained in U 2 . The choice of the permutation h guarantees that for any permutation f ∈ S <ω (X), there is n ∈ Z such that h n (A)∩supp(f ) = ∅. This implies h −n •f •h n ∈ V 2 and hence f ∈ h n V 2 h −n ⊆ S 1 U 2 S 1 . The density of the subgroup S <ω (X) ⊂ S 1 U 2 S 1 in S(X) implies that S 1 U 2 S 1 U 2 = S(X).
Lemma 8. The topological group G = S(X) is not s κ 2 u 1 s κ 2 . Proof. Fix any point a ∈ X and consider the neighborhood U 1 = {f ∈ G : f (a) = a}. Assuming that G is s κ 2 u 1 s κ 2 , we can find a set S 2 ∈ [G] <κ such that G = S 2 U 1 S 2 . Choose any permutation g ∈ S(X) such that g {t −1 (a) : t ∈ S 2 }) ∩ {s(a) : s ∈ S 2 } = ∅. Find permutatuons s, t ∈ S 2 and u ∈ U 1 such that g = sut and observe that gt −1 (a) = su(a) = s(a), which contradicts the choice of g. This contradiction shows that G is not s κ 2 u 1 s κ 2 .
Lemma 9. The topological group G = S <ω (X) is not s κ 2 u 1 s ω 3 . Proof. Fix any point a ∈ X and consider the open neighborhood U 1 = {f ∈ G : f (a) = a} of the identity in G. Assuming that s κ 2 u 1 s ω 3 , we can find sets S 2 ∈ [G] <κ and S 3 ∈ [G] <ω such that the set S 2 U 1 S 3 = G. Consider the finite set S −1 3 (a) = {s −1 (a) : s ∈ S 3 } and observe that for any permutation g ∈ S 2 U 1 S 3 the set g(S −1 3 (a)) intersects the set S 2 (a) = {s(a) : s ∈ S 2 } and hence g does not belong to the nonempty open set {f ∈ G : f (S −1 3 (a)) ⊂ X \ S 2 (a)}. Then S 2 U 1 S 3 = G, which contradicts the choice of the sets S 2 , S 3 .
